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Abstract

When the latent task variable behind a prompt is continuous, no two prompt examples
share a task, so the familiar “retrieve examples from the same class and average” account of
in-context learning is unavailable almost surely. We compare the two mechanisms that remain.
Reweighting treats the prompt as a sample: softmax dictionary attention over prompt examples
is self-normalized importance sampling targeting the query posterior. Interpolation treats the
prompt as a regression design: it estimates the smooth map from latents to observation laws and
evaluates it wherever the query requires. For an informative query of m observations, the pos-
terior over a p-dimensional latent has width m~1/2, while the nearest of n prior-drawn prompt
examples sits at distance (nﬁ(mo))_l/ ?: below n < mP/2, every reweighting of the prompt—not
just softmax weights—misses the posterior at its own scale, with the exact exponential threshold
given by a Clarke-Barron expansion. We show this exponent is a search cost, not a represen-
tation cost: optimally designed query-independent keys pay the same m?/2, and we prove a
matching necessity bound, while keys placed after localizing the query cost only polylogarith-
mically. Interpolation escapes the exponential barrier entirely, requiring n 2 (mlog m)lﬂ’/ (28)
examples for S-smooth context maps, and we give an end-to-end finite-key pipeline achieving
this. The resulting crossover p > 2/3/(/5—1) identifies when interpolation provably dominates; we
are explicit that the lower bound constrains distributional resolution, and that point-functional
readouts of convex reweightings can escape at polynomially smaller prompt lengths.

1 Introduction

The standard mechanism offered for in-context learning is retrieval and averaging: locate prompt
examples generated by the same latent task as the query, then pool their sufficient statistics. With
a continuous task prior 7, this mechanism dies before asymptotics begin—P(xs = x;) = 0 for s # t,
so every class count is zero or one almost surely. Two mechanisms survive. The prompt can be
used as a sample: approximate the query posterior by reweighting the prompt latents, which is
exactly what dictionary softmax attention computes. Or it can be used as a design: estimate the
context map by regression over latent positions and evaluate it at arbitrary candidates, including
ones no prompt example visited. This paper shows that the two mechanisms obey different prompt-
complexity laws, and locates the obstruction to the first not in the randomness of the prompt but
in the timing of key placement.

Why block queries. Throughout, the query is a block of m observations from a single latent zo—
multiple query tokens from one task instance, a long query segment summarized by its sufficient
statistic, or test-time aggregation over repeated measurements of the same instance. The block
length m is the resolution knob: at m = 1 the posterior is as wide as the prior and O(1) prompt
length suffices, so every phenomenon below is trivial; the interesting regime, and the one relevant
to informative queries, is m > 1, where the posterior concentrates at scale m~/2 and the prompt
must keep up. All statements are asymptotic in m with n = n(m).
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Figure 1: Width versus spacing. Below np(zg) = m?/? the bulk of the posterior contains no prompt
atom, so no reweighting supported on the atoms can resolve it (Theorem 3.3).

Key set Count (up to logs/constants) What is covered

Sampled from 7 mP/2,/det G (x0)/p(0) (Thm. 3.3) hitting the bulk at all

Designed, query- e PmP/2Vg (Props. 4.1, 4.2)  all of X" at posterior resolution

independent

Adaptive, post-localization (A, R./e)? = polylog(m)  (Cor. 4.3) a located ball of radius
A /v/m

Table 1: The key-placement trichotomy. Here Vo = [ v/det G dv and A,,//m is the radius delivered
by a localization mechanism.

The width-versus-spacing argument. Figure 1 contains the core of the lower bound. An m-
observation query concentrates the posterior into a ball of Fisher width m /2
likelihood latent. Prompt latents are drawn from the broad prior, so local prior thickness places the
nearest one at distance © p{(np(zo))~/?}. A measure supported on the prompt atoms can resolve
the posterior only if some atom lands inside the bulk: (np(zo))~V? < m=1/2 ie. np(xy) = mP/2.
No weighting scheme can repair an empty bulk—one cannot fix a dartboard with no darts near the
bullseye by re-scoring the darts. A Clarke-Barron expansion sharpens the threshold to n =< efm
with

around the maximum-

L,, := KL(II,,||7) = %log ﬁme + % log det G(x) + log 15(710) +op(1),
—_— — ,

resolution geometry typicality

where G is the pullback Fisher metric. Theorem 3.3 proves failure below this threshold for arbitrary
weights on the prompt support, in Wasserstein distance standardized by the posterior’s own scale
(the total-variation version being vacuous for atomic approximants); Proposition 3.4 shows exact
softmax weights succeed just above it, so the threshold is two-sided at exponential scale.

A search cost, not a representation cost. The exponent m?/2 does not reflect any difficulty
of representing the posterior—it reflects the difficulty of finding it with keys committed before the
query. Table 1 summarizes the trichotomy. A query-independent designed net pays the same m-
exponent as prior-sampled keys because it must cover all of X’ at posterior resolution; we prove this
necessity, not only sufficiency (Propositions 4.1-4.2). Randomness is therefore not the obstruction;
query-independence is. Only keys placed after another mechanism localizes the query escape, at
polylogarithmic cost (Corollary 4.3). A single attention layer scores a key set chosen before the
query and so pays the search cost; localization is a sequential mechanism, which is why depth (or
a two-round coarse-to-fine pass) is the natural—though not information-theoretically necessary—
implementation of interpolation.



Scope of the lower bound: distributions, not point readouts. We are explicit about what
the barrier does and does not forbid. Theorem 3.3 constrains the measure produced by reweighting:
any distribution supported on the prompt atoms is far from the posterior at posterior scale, so
any downstream use requiring distributional resolution—uncertainty quantification, sampling, tail
functionals—inherits the m?/2 cost, and Proposition 3.5 shows the exact softmax point output
collapses onto the nearest atom and fails too. But a convex reweighting with non-Bayes logits can
produce accurate point summaries below the threshold: tempering the softmax widens the effective
kernel and turns the attention mean into a Nadaraya—Watson estimate of the posterior mode,
accurate once np(xg) > mP+2)/4 (Remark 5.5)—polynomially below mP/? for every p > 2. Such
widened-bandwidth readouts are interpolation of the target functional performed inside the convex
hull of the atoms, and we classify them with the interpolation mechanism. The honest statement
of our dichotomy is therefore: Bayes-weighted retrieval cannot resolve a continuous posterior as a
distribution below mP/%; mechanisms that smooth—uwhether by explicit regression or by widening
the attention kernel—escape polynomaially.

Contributions.

(i) Reweighting lower bound, arbitrary weights. Dictionary attention is self-normalized impor-
tance sampling (SNIS); we prove a resolution lower bound at threshold e®= for arbitrary
measures on the prompt support in posterior-standardized Wy, compute the exponent via
a Clarke-Barron expansion, and match it from above at exponential scale (Theorem 3.3,
Proposition 3.4). The SNIS point output fails at the same threshold (Proposition 3.5).

(ii) Key-placement trichotomy with matching necessity. Query-independent designed nets require
O(mP/?) keys—sufficiency and necessity—while post-localization keys cost polylogarithmi-
cally (Propositions 4.1-4.2, Corollary 4.3).

(iii) Interpolation upper bound and an end-to-end pipeline. A smoothing-plus-scoring construction
has block-query plug-in error /m log m r,+mr2, giving sufficient prompt length (m log m)Hp/ (28).
a finite-key, estimated-context, two-round coarse-to-fine pipeline achieves the same error with
polylog(m) keys (Theorems 5.2-5.3, Corollary 5.4). The crossover p > 23/(8 — 1) identi-
fies when interpolation provably dominates; we state explicitly that the regime below the
crossover is left open by our one-sided comparison (Section 5.1).

Related work. In-context learning as implicit Bayesian inference over a latent task variable
originates with Xie et al. [12]; our setting is its continuum limit. The finite-latent-class theory
of Rubacher [8] is recovered exactly as the atomic-prior limit of our lower bound (Remark 3.7).
A complementary line studies transformers performing in-context regression: empirically [7], via
constructions implementing gradient descent or least squares in the forward pass [11, 2], and via
statistical guarantees for transformer-implementable algorithms [3]. That literature instantiates
our interpolation mechanism; our contribution is the matching impossibility result for the retrieval
mechanism and the resulting crossover. Closest in spirit is the retrieval-versus-learning dichotomy
of 7 | for finite mixtures; the continuum prior is precisely the regime where their retrieval mode
has measure zero, and our results quantify its cost as the prior refines. Prior-fitted networks
[? ] amortize the posterior into weights at training time and thus sit outside both prompt-
driven mechanisms; they pay the search cost during pre-training rather than at inference. Softmax
attention as kernel smoothing is due to Tsai et al. [9], and the sample-size law n =< XV for
importance sampling is classical [4, 1]; our contribution is not that law but (i) the computation
of its exponent for the continuum-latent query problem via a Clarke-Barron expansion [5, 6],



(ii) its extension from SNIS weights to arbitrary measures on the prompt support, and (iii) the
posterior-standardized Wasserstein formulation. Random-feature approximations of attention [13]
sample over feature variables at fixed attention output; we sample over key locations with a Bayes
posterior as target. The Bernstein—von Mises theorem we use is standard [? |; sup-norm kernel
regression rates are from Tsybakov [10].

2 Setup

Let (X, .A) be a latent space with prior probability measure 7; when X carries a volume measure v,
write p = d7i/dv. A context 6 specifies a natural-parameter field 79 : X — R¥ in a regular minimal
exponential family

po(y | ©) = h(y) exp{ng(z) " T(y) — A(ng(z))}. (1)
The mean map is 4 = VA, the Fisher information in natural coordinates is F' = V2 A, the pullback
Fisher metric is G(z) = J(z)" F(ne(x))J(x) with J(z) = Ony(x)/0x, and Da(n',n) = Aln') —
A(n) = VAT (' —n).

A prompt is a sequence (x¢,yt)i<n, with latents drawn i.i.d. from 7 and responses from (1);
the latents are observed—in the in-context-regression reading, the “latent” is the input x; and
the hidden object is the context field 7y, so our setting matches Garg et al. [7] rather than the
hidden-task setting of Xie et al. [12], whose continuum limit it nevertheless analyzes. The query is
a block of m i.i.d. observations at latent x, summarized by T),.

Continuum attention is the integral-operator limit of dictionary softmax attention: a head with
keys k, query ¢, and bias b produces

exX ZCT xT
s |y — PR ) b)) o)

Sy exp{k(uw) Tq(y) + b(u)} 7(du)

and a finite-key head with key set Dy = {x1,...,2ny} C X produces an atomic measure sup-
ported on Dy, with quadrature masses ¢; entering as logit biases logg;. Bayes’ rule corresponds
to the oracle choice k = ny, ¢ = T, b = —A o 1y, giving the posterior logit field sp(x;y) =
ne(x) " T(y) — A(ng(z)) up to y-only terms; normalizability and the block Bregman form 7y (dx |
Y1.m) o< exp{—mD a« (T, po(x))}7(dx) are recorded in Appendix B. We write I, := my(- | y1.m)
for the query posterior throughout.

Let dg be the Riemannian distance of the pullback metric, Z,, the block maximum-likelihood

latent, and

B (R) :={z : dg(z,&m) < R//m}

the tunable posterior bulk; its posterior tail is O(e*CRQ) + e~ “". Every “bulk” below is an instance
of By,,(R) with R chosen per result (R = /K log m for the expansions and stability results, R < /s
in the lower bound, accuracy-driven R, for key discretization). Chart conventions, the equivalence
of dg with fixed chart metrics under compactness, and the interchangeability of balls centered at xg
versus I, are routine and deferred to Appendix A. Total variation is ||P — Q|ltv = supy |P(A) —
Q(A)|; Wy is Wasserstein-1 for a fixed chart metric d; K{G} := Amax(G)/Amin(G). Here m is
query-block length, n prompt length, p latent dimension, and H? the Holder-Zygmund class.

2.1 Running systems

(S1) Gaussian location. X C RP compact, Y | x ~ N(z,0%1): no(x) = x/0?, G = 0721, Vg =
o Py(X). This is the flat testbed for the key-placement results; all constants of Sections 3-4 are
made explicit for it in Example 3.2, and it is the system of the diagnostics in Section 6.



(S2) Gaussian unknown gain. As (S1) with p=1and Y | 2 ~ N (hz,c?), the context being the
scalar gain 6 = h; the context map is finite-dimensional, enabling the one-layer method-of-moments
readout of Section 5.2.

A curved example (warped von Mises on S!), with its Clarke-Barron constant instantiated,
appears in Appendix H.1.

2.2 Bernstein—von Mises scale for attention

Assumption 2.1. X is a compact set in RP with o € int X, or a boundaryless compact C?
manifold of dimension p read through a chart around xq; ng € C? with Lipschitz Hessian, injective,
with full-rank Jacobian; the family (1) is reqular and minimal; the prior density p is continuous
and positive at xg.

Theorem 2.2 (BvM for attention weights). Under Assumption 2.1, with the query as above and
ag(- | Trn) the exact continuum attention measure, in any fized local C? chart ¥ with 2, = ¥(&y,),

— . - P
[sao( | Tm) = N (2, Gy (o)) [lpy =0,
where Gy (o) = Jy(0) " F(ne(z0))Jy(20); the same holds with Gy (Zm).

The proof (Appendix B) is a Laplace argument organized by the logit Hessian decomposition

~Viso(a; T) = J(2) " FJ(x) = 33, 0 () (T — 1o () (3)
llback Fish
pu ac sher

Op(m—1/2) at the mode

so extrinsic curvature contributes only a fluctuation and the pullback Fisher metric fixes the pos-
terior scale used throughout.

3 Reweighting: the Lower Bound

Suppose first the context is known and the prompt supplies only latents used as keys; nothing is
estimated, so everything in this section is a key-placement statement, and it applies a fortiori when
reweighting must also estimate the context. Dictionary attention computes

nly) = Ztgn g(xe) w(z)

w47 1Y)

Ztﬁn w(‘rt) 7 dr

up to cancelling y-only factors: exactly SNIS with proposal & and target the posterior. Writing
Wy, = dIl,,/d7, the SNIS effective sample size is

n np(ao)m P/?
Nefr = — < s
T 2y f7) T /det Glao)

so the threshold is neg = 1. The classical Clarke-Barron expansion refines the scale:

Lemma 3.1 (ClarkeBarron expansion). Under Assumption 2.1 with ng € C3,

m 1 1
L, == KL(II,,,||7) = 2glog 2—%—1—5 log det G(xo)+log m+0p(l), Varyy,, (log wy,) = Z%—i—oP(l).



The verification (Appendix D) exploits exponential-family structure to obtain uniformity from
the single statistic 7,,,. We measure W in the posterior’s standard-deviation units, making the
criterion scale-free across m; we standardize by the scalar /m rather than G(xo)'/?, which leaves

the condition number k{G(z¢)} in constants but not in exponents.

Example 3.2 (System (S1) instantiated). In (S1), G = ¢~ 2I and detG = 0=, so Lemma 3.1
reads L, = §log 5-esz 1 10g ]5(;30) and the sampled-key threshold is

. 1 (\/ﬁ )p
nt o= - — :
p(zo) \ o

one prompt example per cell of side o/y/m (the posterior width) in a unit of prior mass—the
dartboard count of Figure 1 made exact. For the uniform prior p = 1/v(X) this is v(X)(y/m/o)P =
mP/2Vg, i.e. the sampled and designed rows of Table 1 coincide up to constants: with nothing to be
atypical relative to, the entire cost is search. The adaptive row is (v/logm/e)P. The mean map of
(S1) is affine, so = 2 binds only through the kernel order and the crossover of Section 5.1 reads:
interpolation provably dominates for p > 4.

Theorem 3.3 (Resolution lower bound, arbitrary weights). In the setting of Lemma 3.1 there
exist a constant K = K(p), query events E,, with P(E,,) — 1 on which the Clarke—Barron local-
ization holds on Bp,(v/Klogm), and constants ¢,C > 0, so = so(p, k{G(x0)}), such that for every
query realization in E,,, every sg < s < Ly, /4, and every prompt length n < e*m=25: with condi-
tional probability at least 1 —e™% over the prompt latents, every probability measure & supported on
{z1,...,xn}—in particular dictionary attention with arbitrary weights; the bound is deterministic
on the coverage event—satisfies

Wilalln) > oy

Since the posterior spread obeys Er, d(X,2m) < C+/p/(mAmin{G(x0)}), the error exceeds the
spread by the factor c\/s/pr{G(z0)} "% > 1 once s > pr{G(xo)}. Taking s = elogm for
0 < € < p/8: resolution fails for all n < emP/272¢ with a failure factor diverging like \/elogm.
Consequently, at exponential scale,

n 2 e —
P(xo)

The confidence and the range trade off through s: near the full threshold e’ the statement
holds only at constant s, hence constant failure probability and excess factor, while the polynomial-
range display above gives divergence; the two-sided sharpness claimed is at exponential scale only.

Proof sketch. Normalize Ezw,, = 1. Markov plus a union bound over n < elm=25 atoms shows that

with probability > 1 — e™% every prompt latent lies outside the superlevel set {logw,, > L,, — s}.
On E,, the local expansion of Lemma 3.1 shows this set contains the Fisher bulk B,,(c1v/s),
hence a chart ball B(Z,,7s), rs < v/$/(mAmax), while Theorem 2.2 puts posterior mass > % on
B(&p,rs/2) for s > sg. The 1-Lipschitz witness f(z) = min{d(z,{z1,...,2n}),7s/2} integrates
to zero under any & on the atoms and to > rs/4 under II,,; Kantorovich duality concludes. Full
proof: Appendix E. O



Proposition 3.4 (Two-sidedness at exponential scale). In the setting of Lemma 3.1, let &, be the
SNIS dictionary measure with exact weights and Uy, := Ez[w2] = 1+ x2(Iy||7). If Tim/n o
then /m W1 (ép, Iy, il 0; and the Laplace computation gives logTy, = Ly, + 5log § + op(1), so
the condition follows from logn — Ly, — oo. Hence n* = elm(1+0() from both sides; no matching
of constants is claimed.

Proposition 3.5 (Point-output failure of SNIS below threshold). Under local prior thickness
(crr? < T{u: dg(u,z) < 1} < Crr? near xo), if np(xo) < mP/2=¢ for some € > 0, then the nearest
prompt atom x(1y to &y, satisfies dg(w(1), Tm) = Op{(np(x0))~ P}, the exact-weight SNIS output
collapses, gn = x(1) +op(m=12), and dg(Gn, &m)/m~"/? = 0o in probability. (Proof: Appendiz E.)

Remark 3.6 (Bridging metrics). The lower bound is stated in rescaled Wi (necessarily: TV between
an atomic measure and a continuous posterior is 1), while the interpolation upper bounds of Sec-
tion 5 are in TV. The comparison is coherent because both posteriors localize: if ||II — IL, ||ty < 7
and both put mass 1 —m ¢ on B,(v/K logm), then /m Wy (I, II,,,) < Cy/Togm T+ O(m~) (Ap-
pendix A). Thus TV control implies rescaled-W; control up to a v/logm factor, and the crossover
of Section 5.1 compares like with like.

Remark 3.7 (The atomic limit is the finite-class theory). Positivity and continuity of p at xo are
load-bearing. If & has an atom at zg, then L,, stays bounded—the posterior concentrates on the
atom at finite KL cost log(1/7{zo})—and dictionary attention succeeds with O(1) prompt length:
exactly the oracle dictionary regime of Rubacher [8]. Conversely a prior density vanishing like
|z — 20|* inflates the threshold to m®+%)/2 (Appendix D); thin prompt distributions near the truth
are polynomially more expensive.

4 Key Placement

Designed keys separate discretization from search. Let {Cj}i<n be cells represented by a dg—p-
net Dy = {z;} with quadrature masses ¢; = 7(C;) entering as logit biases, and for ¢,,(z) =
no(x) " T — A(ne(x)) set o
Attn]\[('l)) — Z’L qzv(xz)e

Zi qiem@m (mz)

Proposition 4.1 (Designed keys suffice at m?/2). Under Assumption 2.1, if the cells have dg-
diameter at most p < ¢/(Ry/m) and v is bounded and L,-Lipschitz, then on a query event of
probability 1 — o(1),

|[Attny (v) — Attn(v)| < Lyp + 2||v||eo [tanh {%(R\/Ep + mpz)} +Ce R 4 e_cm] )

With Vg = fX Vdet Gdv, fized accuracy € costs N =< mP/?Vg keys, and € | 0 costs N =
O(mP/2e=PVg). (Proof: Appendiz F.)

The mechanism is a localized perturbation bound (Lemma C.2): moving a key by p perturbs
the logit by Op(R\/m p+mp?) on the bulk, exactly the structure v/m 7, +mr2 produced by context
error 7, in Section 5—discretizing the latent space and estimating the context field are the same
perturbation problem.

The count in Proposition 4.1 is also necessary: a query-independent net cannot beat prior-
sampled keys in the m-exponent.



Proposition 4.2 (Query-independent keys must pay mP/ 2). Under Assumption 2.1 strengthened
to uniform two-sided prior thickness on X, there are constants ty,c,C such that for every t > tg
and every deterministic key set Dy with N < dmP/2: the set

Xbad(DN,t) = {1’0 : dg(xi,:lio) Z 2t/\/ﬁ Vi S N}

has 7T(Xpad) > 1 — CtPo, and for every o € Xpaq, on a query event of probability 1 — Ce—ct” — o(1),
every probability measure supported on Dy satisfies Wi (&, Il,y,) > ct//mAmax{G(x0)}, exceeding
the posterior spread for t > tg. Hence resolving typical queries at posterior scale forces N 2 mP/2.
(Proof: Appendiz F.)

Randomness is therefore not the obstruction: designed and sampled keys share the exponent for
different reasons—sampled keys because the bulk is exponentially atypical under 7, designed keys
because a pre-query net must cover X at posterior resolution. Only placement after localization
escapes:

Corollary 4.3 (Adaptive keys after localization). If another mechanism produces a ball of dg-
radius Ap,/\/m containing By, (R:) with probability 1 —o(1), then restricting Proposition 4.1 to that
ball gives output accuracy € with N = O{(A,R:/€)P} keys. The plug-in construction of Section 5
supplies Ny, = O(v/Klogm) (Corollary 5.4), hence polylog(m) post-localization keys, exclusive of
the prompt used to estimate the context.

A Jeffreys-type minimax statement—the prior o< v/ det G minimizes and equalizes the worst-case
sampled-key requirement—is recorded in Appendix F.

5 Interpolation: Smoothing and Polynomial Rates

Interpolation uses the prompt as a regression design: a first stage performs Nadaraya—Watson
smoothing of the mean map [9], a second maps i +— 7 = (VA)~!(f1) and applies plug-in Bayes
logits. An m-observation block amplifies context error: across the bulk the query residual varies
by Op(Rm~1/?), so uniform context error r,, produces logit oscillation Op(Ry/mry, +mr2)—total
variation responds to oscillation, not mean displacement, and directions that do not move the local
mode are not amplified.

Assumption 5.1 (Regularity; informal). The context class © consists of fields ng that are uniformly
C?-bounded, injective with a margin, and Fisher-sandwiched (g1 = JTV2AJ < g, 1); equivalently
the one-observation KL contrast is uniformly locally quadratic with a global identifiability gap. The
prior has two-sided local thickness, and the query statistic is uniformly conditionally sub-Gaussian.
The precise statement, including the definition of ©, is Assumption G.1 in Appendiz G; all results
below are proved under it.

Theorem 5.2 (Posterior stability under a two-scale context estimate). Under Assumption G.1,
let ﬁn,m be the continuum plug-in posterior built from an estimate 1, with values in IKC satisfying
(H1) local rate |7 — Mol oo, B(wo,re) = OP(Tn); (H2) global consistency ||, — ngllco,x = op(1); (H3)
query scale \/mr, < c. Then for every deterministic R > Ry and t > 1, with probability at least
1— Ce* — o(1), uniformly over zo and ©,

Hﬁnm —ylrv < C{(R+t)vVmr, + 'mr,zl + e_CRQ} +e M

in particular R =t = /K logm gives Hﬁnm — I |lrv = Op(vVmlogmry, +mr2 +m=<K). (Proof:
Appendiz G.)



Theorem 5.3 (Two-layer in-context estimation, block queries). Assume additionally that the de-
sign density p is Lipschitz and bounded, and x v+ po(xr) € HP(X) with 1 < B < 2 (a single
nonnegative kernel has approximation order two, motivating the cap). The two-stage operator at
oracle local bandwidth A, =< (np(xq)/logn)? 8+r) achieves, for /mrn(xg) < ¢ and cK > 1, with
probability 1 — o(1),

~ logn \ 59
1T =1L || 7v < C'min{1, \/mlogmrn(wo)—l—mrn(xO)Q}—i—m*CK—i—e*"’m, rn(z) < <n]32g$0)> S

A sufficient prompt complezity for vanishing TV error is therefore

np(xo)

) *es,
logn

> (mlogm

uniformly over xo with pmin in place of p(xy). (Proof: Appendiz G.)

Corollary 5.4 (End-to-end finite-key pipeline). In the setting of Theorem 5.3, let ¥’ = arg maxy @,
be the plug-in mode. Then dg(%',%m) = Op(y/logm/m), so the ball B(2', C\/K logm/+/m) con-
tains the bulk with probability 1 — o(1); placing a quadrature net of spacing p < £/(y/mR;) in that
ball uses N = O{(v/Klogm R./e)P} keys and yields, for every bounded L,-Lipschitz v,

Attn]@(v) —En,,v| < Lyp + C|Jv||sc{/mlogmr, + mr2 +e+m %}

with probability 1 — o(1). Thus a two-round coarse-to-fine pass—estimate the context, localize by
the plug-in mode, then key the located ball—achieves interpolation accuracy with polylog(m) keys
and prompt length as in Theorem 5.3. (Proof: Appendiz G.)

5.1 Crossover, and what is left open

Reweighting pays the full latent dimension through the exponent p/2; interpolation pays a unit
block-query lever plus smoothness-discounted dimension p/(23). Since logarithms are subordinate,
interpolation provably wins when 28
p > B-1

(p > 4 at B = 2). Three caveats keep this honest. First, the comparison is one-sided: it sets a sharp
threshold (two-sided by Proposition 3.4) against a sufficient condition, and we prove no lower bound
for interpolation; the regime p < 23/(8—1) is indeterminate, and the sup-norm route through (H1)
may be loose—only accuracy in score-relevant directions near the bulk should matter, so the /mr,
lever is plausibly improvable. Second, as 8 | 1 the crossover diverges, and at § = 1 (allowed by the
assumption) interpolation never wins under these bounds. Third, the metrics differ but bridge with
a y/logm loss (Remark 3.6). On homogeneous latent spaces this is the whole comparison; global
structural estimators can avoid local-density dependence.

5.2 Mechanisms, not depth

Mechanism class. Theorem 3.3 constrains distributions supported on prompt latents; it does
not constrain every one-layer architecture, nor every use of prompt points, nor every readout of a
convex reweighting. Three escapes delimit the claim.



Widened kernels (reweighting that interpolates).

Remark 5.5 (Tempered softmax escapes at the point level). A tempered head with logits Brmp.m,,
Br < 1, is still a measure on the atoms—so Theorem 3.3 correctly says its rescaled Wi to
II,, is large—yet its mean is a Nadaraya—Watson estimate of the posterior mode at bandwidth
h = (Brm)~/2, with error of heuristic order h% + h/+/np(zo)hP; optimizing h shows the mode is
located to o(m~'/2) once np(xo) > mP+2/4 polynomially below m?/? for every p > 2 (calculation
sketch: Appendix H). Widening the kernel is smoothing over prompt positions, i.e. interpolation of
the target functional inside the convex hull; the barrier binds distributional resolution, not point
readouts.

Off-atom evaluation. A local quadratic fit to Bayes logits sampled at spacing (nﬁ)_l/ P locates
their vertex with error O{(np)~2/P}, below posterior width once njp(zg) > mP/*; extrapolating off
the atoms is again interpolation.

One-layer counterexample. A uniform-attention head can output empirical moments: in (S2),
values (;y;, z7) followed by a ratio recover h, = 3, zyys/ 3, #7 exactly, so one layer can estimate
the context and beat the dictionary threshold. Depth is therefore the natural implementation of
interpolation—Ilocalize, then key—mnot an information-theoretic necessity.

Restatement. The dichotomy is Bayes-weighted retrieval versus smoothing. A dictionary token
must serve as datum and key simultaneously, although data follow 7 while useful keys lie in the
posterior bulk; every escape above works by decoupling those roles.

6 Synthetic Diagnostics

The theory prescribes a minimal, fully specified diagnostic in system (S1) (and the curved system
of Appendix H.1). Panel A (phase transition): for fixed m and growing n, plot the normal-
ized dictionary error  /m Wi (ap,I1,,) against logn; the transition is predicted at logn* = L,,,
with the explicit (S1) value of Example 3.2, and sweeping xg and o tests the typicality (p(zo))
and geometry (det G) terms of Lemma 3.1 through the predicted horizontal shifts. Panel B (tri-
chotomy): at matched key counts, overlay sampled keys, a designed dg-net (Proposition 4.1), and
post-localization adaptive keys (Corollary 5.4); the sampled—designed gap should vanish in the ex-
ponent and the adaptive curve should sit at polylog(m). Panel C (interpolation law): the two-layer
error against n at several m, testing the collapse predicted by v/mlogmr, + mr2.

7 Discussion

The positive message is architectural: the m?/2 barrier is a search cost, dissolved entirely by spend-
ing the prompt on estimating the context field and the keys on a located ball. The limitations are
the ones flagged above: the lower bound governs distributional resolution and the exact-Bayes point
readout, not smoothed point readouts (Remark 5.5); the crossover is one-sided, so the small-p/low-
smoothness regime is open; the block-query model is the informative-query regime and degenerates
at m = O(1); and the analysis is of idealized operators, not trained transformers—whether training
discovers the coarse-to-fine pipeline of Corollary 5.4 is an empirical question that Section 6’s Panel
B is designed to make visible.
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A Chart Conventions, Bulk Hygiene, and the Metric Bridge

Charts and metric equivalence. On a manifold all local statements are read through a fixed
C? chart around zo and chart coordinates are relabelled x; on S', the arclength chart. Under
Assumption 2.1, compactness gives g_I < G < g4I with g_ = inf; \pin{G(z)} > 0, g+ =
sup, Amax{G ()} < 00, so di and any fixed chart metric are equivalent up to constants; all constants
below absorb this equivalence.

Centering. dg(im,zo) = Op(m~1/2), hence bulks centered at zy and Z,, differ only by replacing
R with R+ Op(1); we center at Z,, throughout and use this interchange silently.

The bridge inequality (Remark 3.6). Suppose ||II —II,,|rv < 7 and II(B¢) +11,,(B¢) < m™¢
for B = By,(vV/Klogm), and that both measures have first moments bounded by the diameter
of the compact X. Couple II and II,, maximally: with probability 1 — 7 the coupled pair is

equal, contributing zero transport; on the discrepancy event, transport within B costs at most
diam(B) < Cy/logm/m, and the tail mass costs at most diam(X)m™°. Hence

Wi(IL IL,,) < O/ 187 - 4 C'me, VmWi(ILIL,) < Cy/logm T + C'm~+1/2,

which is the display of Remark 3.6 for ¢ > 1/2 (guaranteed by choosing K large).

B Bernstein—von Mises Proof

Normalizability and block form. For model-generated queries the attention normalizer is finite
almost surely on the support of the marginal law; for external queries this is an explicit condition.
Compactness and continuity of 79 with 7y(X) C dom A suffice. For averaged statistics in int M,
7oAz | Yriom) o exp{—mD a- (Ton, ig(2)) }7(d).

Proof of Theorem 2.2. By sufficiency the attention measure depends on the query block through
Ty, and its log-density with respect to 7 is mym(z) — log [ €™#™ dx, with () = ng(z) " Trn
A(ng(z)) and population version ¢(x) = ¢(x¢) — KL(x||z), where KL(x||z) is the divergence
between the corresponding observation laws.

Step 1: uniform LLN, MLE consistency, localization. ||om — ¢|lco < sup,|[ng(z)| - | Tm — poll =
Op(m~=1/?): uniformity in x is inherited from the convergence of the single vector Tj,, with
no entropy conditions. Injectivity and compactness give the identifiability gap supy(y zo)>- ¥ <
w(xo) — c(e), yielding fixed-neighborhood localization by the two-sided normalizer sandwich. Lo-
cally, Vo (z0) = J(z0) T (T, — o) = Op(m~12) and —V2¢,,(x0) = G(z0) + Op(m~/?), and uni-
form local Hessian continuity gives —V2¢,, = G(z0)/2 on a fixed neighborhood with high probabil-
ity. The local maximizer is unique with &, —zq = G(x0) " J(z0) " (T)n— o) +op(m~—1/?), and strong
concavity upgrades to the shrinking tail bound: for fixed sufficiently large K, ag (B, (v/K logm)©) <
Cm ™K 4 ¢~ with high probability; the fixed far region, including secondary modes, stays e~ “™-
negligible.

Step 2: local expansion via (3). On By, (v/K logm),

~Vienle) = 0TV A)I@) = O (0) (T~ o), = Glao) + O/ 8m ).

using the Lipschitz Hessian of 7y for the drift of the first term over the shrinking ball and ||T;, —
up(z)|| = Op(/Klogm/m) on it for the extrinsic term. Taylor expansion at &, gives accumulated
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remainder Op{(K logm)3/2/\/m} = op(1), 50 mpm () = m@m(im) — 2(x —&m) " G(z0)(x —Em) +
op(1) uniformly on the ball.

Step 3: assembly. The normalizer localizes to the shrinking ball, where the Gaussian integral
applies with p continuous at xy contributing p(xg)(1 + o(1)); the ratio of the local chart density to
N (Zm, (mGy(x0))™t) converges to one uniformly on the ball, the tail is uniformly integrable, and
local L! convergence yields TV convergence. Replacing Gy (7o) by Gy (#,) costs Op(,/pm~/2) in
TV between the two Gaussians. O

C Softmax Stability Lemmas

Lemma C.1 (Softmax stability). Let q be a probability density with respect to a o-finite reference
measure and § < qe® for measurable § with Q := ess sup, d — essinf, 0 < oo. Then [|q — l|Tv <
tanh(Q/4). If instead & is o2-sub-Gaussian under q, then KL(q||§) < 02/2 and ||q — ||Tv < /2.

Proof. The first inequality is the extremal two-point bound for exponential tilts with likelihood-
ratio range €. The second follows from KL (q||§) = logE.e® — E,d, the sub-Gaussian moment
bound, and Pinsker. ]

Lemma C.2 (Localized exponent perturbation). Let II oc ¢ and I etV be probability
measures and B measurable with oscgv < e and 1(B¢) + II'(B°) < (. Then |[II — II'||py <
tanh(e/4) + C.

Proof. Conditioned on B the measures differ by the tilt ¢|p of range at most ¢; Lemma C.1 and
the conditioning inequality ||II — II'||py < ||IIp — g||Tv + II(B€) 4+ II'(B€) conclude. O

D Clarke—Barron Expansion

Proof of Lemma 3.1. With w = dIL,,,/d7, carrier terms cancel and log w(z) = my.,(x)—log [ e™mdr,
the landscape of Appendix B; all randomness enters through T},.

Step 1 (localization). As in Appendix B: uniform LLN at rate Op(m~'/?), identifiability gap,
posterior mass outside B(xg, €) at most e~()/2 with high probability. Since ,, is bounded on the
compactum, |logw| < m O(1)+|log Z| there, so the far region contributes m O(1)e~“" — 0 to every
moment below; compactness, boundedness, and the exponential tail give uniform integrability.

Step 2 (local Laplace). On By, (v/Klogm), with K = K(p) chosen large enough both for the
moment bounds and for the full range s < L,,/4 in Theorem 3.3, and with 7y € C® controlling the
cubic remainder,

MPm () = MPr (&) — 5 (& — &) G(20) (@ — &) (L + Op(em)), €m =/ KI%&'

Step 3 (normalizer). log [ €™¥mdit = mpy, (im) + §log 2% — L log det G(z0) + log p(z0) + op(1),
by the Gaussian integral over the inner ball (radius — oo in standardized units; p continuous and
positive at z) and exponential negligibility of the complement.

Step 4 (moments of %X%)' Combining, on the ball
log w(X) = Blog 2 + 1 log det G(xo) + log 15(710) — (X — im)  G(X — &m)(1 + Op(em)) + op(1),

and under IL,,, the quadratic form is a (1+Op(ey,))-perturbed 3| Z||2, Z ~ N(0, 1,,), by Theorem 2.2;
dominated convergence over the ball (Step 1 killing the complement) gives Er,, (X —2) " G(X —

12



#)] — p/2 and variance — p/2. Assembling yields the stated expansion via log 5~ = log 4+ — 1
and Vary,, (logw) = p/2 + op(1). The Step-4 display is also the superlevel-set geometry used in
Theorem 3.3: on the localization event, {logw > L,, —s} contains the Fisher bulk B,,(c1+/s), hence
a chart ball of radius ¢} /s/(MAmax(G)), for s > sp; the choice of K guarantees this throughout
s < Ly, /4. O

Remark D.1 (Vanishing prior density changes the exponent). If p(z) < |z — x¢|* near the truth,
Step 3’s prior factor is no longer p(zo)(1 + o(1)); integrating |z — &|* against the local Gaussian
gives Ery,, log(1/p(X)) < §logm and the threshold inflates to mPta)/2,

E Proofs for Section 3

Proof of Theorem 3.3. Normalize Ezw = 1 and define E,, as the intersection of (i) the Clarke-
Barron localization event of Appendix D on B,, (/K logm) and (ii) the event that the constant c;
of Step 4 there satisfies ¢1+/ Ly, /4 < /K logm, which holds for all large m by the choice K = K (p)
since L, = Op(logm); P(E,,) — 1.

Coverage. By Markov, Pz(logw > Ly, —s) < e~(Lm=5). 4 union bound over n < e prompt
latents shows that with probability > 1 — e™* every prompt latent lies outside Us := {logw >
L, — s}.

The superlevel set contains a bulk ball. By Step 4 of Appendix D, on F,,, U, contains the Fisher
bulk B, (c1+/s) for all so < s < L, /4, hence a chart ball B(Z,, rs) with 75 := c21/8/(mMAmax{G(x0)});
every prompt latent is therefore at distance > r4 from Z,,.

The posterior lives in the bulk. By Theorem 2.2 and a Gaussian ball computation, IT,, (B (Zm,7s/2)) >
1 — Ceess/:{G@)} o (1) > 3 for s > so(p, K{G(z0)}).

Wasserstein via a Lipschitz witness. f(x) := min{d(x,{z1,...,2n}),7s/2} is 1-Lipschitz and
bounded; [ fda = 0 for every & on the atoms, while every point of B(&m,rs/2) is at distance
> ry/2 from every atom, so [ fdIl, > (rs/2)IL,(B(&m,s/2)) > rs/4. Kantorovich duality gives
Wi(&,11,,) > rs/4. The spread bound is the Gaussian first moment under Theorem 2.2, and the
displayed consequences follow by substitution. O

Lpy,—2s

Proof of Proposition 3.4. Rényi computation. Ty, = Ezw?, = E, wy,. The Step-3 normalizer of
Appendix D and a second Gaussian integral give
[ e?memdn mP/2, /det G(zo)

Erp wy, = - 1 DY,
M 0 {] ememdn}? 2P 7P/ 2p( ) {1+or()}

and subtracting the expansion of L,, yields logT';, — Ly, = §log(e/2) 4 op(1).

Wasserstein upper bound. Let dp,(z,2") = /mdg(z,z'); compact metric equivalence changes
only constants relative to a fixed chart metric. With S, = 23 w,,(X;): ES, = 1, Var(S,) <
Iy /n, so P(S, < 1/2) <4T'y,/n = op(1). Fix R > 1 and partition B, (R) into N < C(R/e)P cells
of d,,-diameter at most . For the unnormalized weighted empirical measure v,, = % > wm(Xi)ox,,
each cell has Ev,,(C;) = I1,,(C;) and Var{v,(C;)} < 1Ez[w? 1¢,]; Cauchy-Schwarz gives E > lvn(Cj)—
I1,,(C;)| < /NTI'y,/n. On {S,, > 1/2} normalization adds Op(y/I'y,/n); collapsing cells to repre-
sentatives costs 2¢; cell-mass discrepancy costs at most C'R times the total variation; and the mass
outside By, (R) contributes the truncated first moment t,,(R) := [ dp,(z, &) 1{dp, > R} I, (dz) —
0 as R — oo by the local quadratic posterior bounds, with the empirical tail Op(t,,(R)) by Markov
on {S,, > 1/2}. Therefore

VMW (G, ) = Op [e + RV/(R/e)P T /1 + tm(R)] ;
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taking € = R(I';,/n)"®*2) and then R = R,, — oo slowly proves the claim. O

Proof of Proposition 3.5. Condition on a query realization in the localization event. If n stays
bounded along a subsequence, the nearest prompt point is unique a.s., D; = Op(1), and the
finite set of likelihood ratios concentrates exponentially on it; so assume n — oo. In Fisher nor-
mal coordinates about Z,,, local prior thickness and continuity give the point-process convergence
> O fnp(20)} /PG (w0) /2 (i—im) = P+ & homogeneous Poisson process; hence Dy := da(w(1y, Tm) =
Op({np(x0)}~Y/P) and {np(xo)}*>/P(D3 — D?) = R} — R? with 0 < R; < Ry a.s. Under nj(zg) <
mP/2=¢ m(D3 — D?)/logn L, o since m{np(z0)}~2/?/logn > m?/?/logn — oo and the limiting
gap is strictly positive. The local expansion of Lemma 3.1, uniformly over every prompt point on the
fixed localization neighborhood (where strong concavity holds uniformly), gives w(z(;))/w(z(y)) =
exp[—%(Djz — D?){1+op(1)}], so

w(x(;
> 0] <y exp{—em(D — D)} = op(m™)
= wlz)
for every fixed A, points outside the neighborhood carrying an extra e~“" penalty. The nearest
atom thus has normalized weight 1 — op(m~1/2), compactness gives g, = zay + op(m~1/2), and
Dy /m~? > ©p(m/?) concludes. O

F Proofs for Section 4

Proof of Proposition 4.1 and Corollary 4.3. Let Q,(z) = x; for z € C; and define the cell-lifted pos-
terior & o< exp{mpm(Q,(x))}7(dx). The quadrature weights are exact cell masses, so Attny(v) =
[ v(Qp(x)) &(dz) and the atomic collapse costs only value discretization, |Attny (v) — [ vda| < Lyp.
For the comparison of a with the continuum posterior «, set e,(z) = m{m(Qp(z)) — om(x)}.
On the localization event, the score of ¢, vanishes at &,, and its Hessian is uniformly bounded
in Fisher normal coordinates, so Taylor’s theorem gives |e,(z)| < C{mpdg(z,&m) + mp?} on a
fixed neighborhood, hence oscp, () e, < C(Ry/mp + mp?). Lemma C.1 bounds the conditional
TV by tanh{C(R+/m p + mp?)/4}. For the tails: Lipschitz continuity gives |pm 0 Q, — pm| < Lp,
so cell lifting reduces the fixed far-region gap by at most 2Lp = o(1) and the lifted far-region mass
is e~ inside the fixed neighborhood the quadratic localization of Theorem 2.2, with completion
of squares for the perturbed exponent, gives a(Bp(R)) + &(Bm(R)¢) < Ce *®* + ¢~ under
Ry/mp < ¢. Lemma C.2 assembles the bound, and | [vda — [vda| < 2||v]ec|lv — &||Tv gives the
display. Riemannian volume comparison gives N(X,dq,p) < p~? [ Vdet G dv; for fixed e take R
large and p = c¢./\/m; for € | 0 take R. =< (/log(1/¢) and p < ¢/(y/mR:). A dg-ball of radius
Ay, /+/m has covering number O{(A,,,/(v/mp))P}, giving Corollary 4.3. O

Proof of Proposition 4.2. Uniform two-sided thickness and the metric sandwich give, for each key
zi, Wz ¢ dalzs,x0) < 2t//m} < C(t//m)?; a union bound over N < dmP/? keys bounds
the complement of Xp.q(Dn,t) by CtPd. Fix xy € Xpaq. On the event {Z,, < t} with Z,, =
vVm dg(Zm, xg)—probability > 1— Cect? by the sub-Gaussian query statistic and the linearization
of Z,, (Appendix B)—every key satisfies dg(zi, &) > da(2i, xo) — da(xo, Tm) > t/+/m. Passing to
the chart metric, every key is at distance > r; := ct/\/MAmax{G(20)} from Z,,,, while Theorem 2.2
gives Iy, (B(&m,1/2)) > 3 for t > to(p, k{G(20)}). The witness argument of Theorem 3.3—
deterministic given key positions— yields W1 (&, I1,,) > /4 for every & supported on Dy . O
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Remark F.1 (Jeffreys minimax key placement). Let j(x) = y/det G(x)/V. Then inf;esssup, \/det G(z)/p(z
Vi, attained at p = j: Jeffreys minimizes and equahzes the worst-case sampled- key requirement of
Theorem 3.3, paralleling its asymptotic least-favourability under entropy risk [6].

G Proofs for Section 5

Assumption G.1 (Uniform regularity; full statement). Let X' be a compact boundaryless Rieman-
nian manifold. The context class is

O := {0 g € CP(X;RY), |Imallez < B, mg injective, ng(X) C K, g_I < Jg VZA(ng)Jg < g+I}

for fizred B, compact K C dom A, and 0 < g_ < g4+ < oo. There ezist ¢, co, Co, ko > 0, uniform
over © and xy € X, such that the one-observation contrast Ky, (x) := Da(ne(z),n9(x0)) satisfies
cod(z,20)? < Kuo(x) < Cod(x,20)* for d(z,x0) < ro and infye 40)y>r, Keo(x) > koo (A Taylor
expansion of Dy shows the Fisher sandwich plus uniform C? bounds imply these local quadratic
bounds after decreasing ro.) Moreover ng and g are uniformly Lipschitz; Apl < V2A < Apl on K,
so Dy is jointly Lipschitz there with constant La; the prior has local thickness (p continuous and
positive at xq for pointwise statements; cxr? < w(B(z,r)) < CrrP for uniform statements); and the
query statistic is uniformly conditionally sub-Gaussian.

Proof of Theorem 5.2. Write £y, (x) = ng(x) " T),, — A(ne(x)), U likewise with 7, A = 7 — 1,
§m = T — po(20); Zm = /m||&nll = Op(1).

Step 0 (far region; uses (H2)). Let F = {x : d(x,z9) > r9}. For the true posterior, K,, >
ko on F' and compactness bounds the stochastic linear term, so on {Z,, < t} with t < ¢y/m,
Ml (2) —lim(20)} < —mirg+Cty/m < —Smig. For the plug-in exponent, joint Lipschitz continuity
and (H2) give, on its high-probability event, Da{7n(2), fjn(20)} > Ko (2) — 2La||Allcc,x > Fk0 on
F', and the identity

~

b (z) — Zm(wo) = =D {0 (), (w0) } + {1 () — ﬁn(xO)}T{Tm — VA0 (20))}

with (H1)+(H3) shows the remaining term is O(t/y/m + r,) per observation and cannot close
the fixed gap. Both normalizers are bounded below by their contribution from B(zg, m~/?): prior
thickness gives mass > ¢, m ~P/2_ the true relative exponent there is O(1+t), and the plug-in oscilla-
tion differs by at most C'{(1 +t)frn+mrn} Hence Iy, (F) +11,,  (F) < Cmp/2e=mro/4+C1+) <
e~ for t > ¢y/m, intersecting with {Z,, < m!/*} adds o(1) to the failure probability.

Step 1 (local shells; uses (H1), (H3)). Locally, m{lp,(z)—Cm(z0)} < —comd(z, 20)*+C Ly Zy/md(z, o).
By softmax gauge invariance compare the perturbation through differences:

Sm () = Om(w0) = m{A(x) — A(wo)} &m + mA () T {pg(w0) — po(x)}
—m[Da(ng(z) + A(x),m0(x)) — Da(ne(xo) + A(zo), ne(20))],

so uniform Lipschitz and Fisher bounds give, for € B(xo,70), |0m(2) — 0m(z0)| < ClZpmv/mry, +
mrpd(z,20) + mr2]. The shell-controlling term —comd? + Cmr,d < —%Omd2 + C'mr2 shows
both posteriors are root-m localized whenever /mr,, is small. On the query event, dg(Zy,,xg) <
CZm//m, so with Bg := Bp,(R), oscgy, 6m < C[(Zm+ R)y/mry+mr?]. On {Z,, < t}, Lemma C.2
on Bp gives the displayed bound; sub-Gaussianity gives P(Z,, > t) < Ce™ ¢ 2, and the consequences
follow with R =t = /K log m. O
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Proof of Theorem 5.3. Layer 1 (sup-norm regression, boundaryless design). With design density
Lipschitz and locally positive at g, response T'(Y") conditionally sub-Gaussian, and a positive kernel
at bandwidth h,, = A\, 1/ 2. uniform Bernstein over a local net with kernel L? norms = hn P /2 and
denominators of order nhh,p(xg) gives, for 1 < 3 < 2 [10],

_B_
ra(20) = 10— 1000y = O (1] + /i) = Op () 957

at the stated bandwidth. Projection onto VA(K) and Lipschitz inversion of (VA)~! give the same
local rate for 7 — 9. Thus (H1) holds with r,(zg), crude global consistency gives (H2) for large
n, and (H3) is the stated condition; Theorem 5.2 applies. The prompt-complexity display inverts
vmlogmry,(zo) — 0 (which is binding: mr2 — 0 alone needs only np(xo)/logn > m!*/(28)):

uniformity replaces p(xo) by Pmin. O

Proof of Corollary 5.4. Localization by the plug-in mode. On the events of Theorem 5.2 with ¢t =<
VIogm, the true exponent satisfies m{©m (Zm) — m(2)} > emdg(x, £, )? locally with a fixed global
gap, and the plug-in perturbation obeys the Step-1 bound |0,,(2) — o (z0)| < Clt/mry + mrpd +
mr2]. At the maximizer 2’ of B, cmdg (', 2m)? < Clty/mry, + mrpdg(2', &) + mr2], whence
da(Z', &m) < C{r, + t1/2m_1/47“,1«/2}. Under /mr, < ¢ this is < C'y/logm/m (both terms, using
rn < ¢/y/m), so B(#',C\/Klogm/v/m) 2 By, (v/K logm) with probability 1 — o(1).

Combined perturbation. Let & o< e™?m°Q 7 be the cell-lifted plug-in posterior on the located
ball, so that as in Appendix F the finite-key output is Attn’ (v) = [voQ,da up to the L,p value-
discretization cost. Compare a with II,,, directly via Lemma C.2 with ¢ = m(©n0Q,—¢m)+06moQ,:
on B = B,,(R), the first summand oscillates by C(Ry/m p + mp?) by the C? bound on the true
exponent (Appendix F), and the second by C[(t+ R+ +/mp)y/mr,+mr2] by Step 1 of Theorem 5.2
evaluated at cell representatives, the extra \/mp being absorbed for p < ¢/(R+/m). The tail bounds
of both proofs tolerate the added Lp and 7, perturbations (Step 0 and the completion-of-squares
argument, respectively), giving I1,,(B¢) + a(B¢) < Ce=R* 4 ;=<K 4 e=em  With R = VK logm,
p=<¢e/(vVmR:), and t < y/logm, Lemma C.2 and | [vda — Eq,,,v| < 2||v|/oo||@ — Iy, || 7y assemble
the display; the key count is the covering number of the located ball from Corollary 4.3. O

H Curved Example and Heuristic Calculations

H.1 (S3) Warped von Mises on 5!

X =8N Y |z~ vM(g(x), %), ne(x) = »(cosg(x),sing(z)), so G(x) = »A1(x)g (v)? with A; =
I1/1p; ne(X) is a circle in R?, giving nonzero extrinsic curvature in (3). Here p = 1 and Lemma 3.1
reads

Ly = 3log g% + 5 log{5A1(5)g'(20)*} + log 555 + op(1),

so steepening the warp (|¢'(zg)| 1) or thinning the prompt density at z( shifts the predicted
transition of Section 6 rightward by exactly the corresponding additive term—a directly testable
prediction.

H.2 Tempered softmax (Remark 5.5): calculation sketch

With logits Srmy,, the weights are proportional to a kernel of dg-bandwidth h =< (BTm)_l/ 2

tered near Z,,. The attention mean is then a Nadaraya—Watson estimate of location: its bias against
#m is O(h?) (prior-gradient and curvature terms), and its standard deviation is O(h/+/np(xo)h?)

cen-
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(values within a bandwidth of the mode have spread O(h); the effective count is np(zg)h?). Requir-
ing both < m~1/2 forces h < m~/* and np(x¢) > mh?>~P; at h =< m~/4 this is np(zo) > mP+2/4,
This is a heuristic bandwidth calculation, not a theorem; it is recorded to delimit the scope of The-
orem 3.3, which the tempered measure does not contradict (its rescaled Wi to II,,, remains bounded
away from zero, since its width h > m~1/2).
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